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Abstract 

Let X be a complex analytic manifold, D C X a, locally quasi-homo- 
geneous free divisor, £ an integrable logarithmic connection with respect 
to D and £ the local system of the horizontal sections of £ on X — 
D. In this paper we give an algebraic description in terms of £ of the 
regular holonomic Dx-module whose de Rham complex is the intersection 
complex associated with £. As an application, we perform some effective 
computations in the case of quasi-homogeneous plane curves. 



Introduction 



►. . On a complex analytic manifold, intersection complexes associated with ir- 

i~^^ ' reducible local systems on a dense open regular subset of a closed analytic 

QQ . subspace are the simple pieces which form any perverse sheaf. The Riemann- 

CN ' Hilbert correspondence allows us to consider the regular holonomic D-modules 

"nI , which correspond to these intersection complexes, that we call "intersection 

^^ ' D-modules" . They are the simple pieces which form any regular holonomic 

^—v , D-module. Whereas intersection complexes are topological objects, intersection 

D-modules are algebraic: they are given by a system of partial linear differential 
equations with holomorphic coefficients. 
2 ' Intersection complexes can be constructed by an important operation: the 

r^ , intermediate direct image. Its description in terms of Verdier duality and usual 

derived direct images can be algebraically interpreted in the category of holo- 
nomic regular D-modules by using the deep properties of the de Rham functor. 
/\^ ' We need to compute localizations and D-duals. 

This can be effectively done, in principle, by using the general available 
algorithms in '2^\ 1271 1^ , but in the case of integrable logarithmic connections 
along a locally quasi-homogeneous free divisor, we exploit the logarithmic point 
of view 121 m El El El EDI 1^ to previously obtain a general algebraic description 
of their associated intersection D-modules, from which we can easily derive 
effective computations. 

The main ingredients we use are the duality theorem proved in [^ and the 
logarithmic comparison theorem for arbitrary integrable logarithmic connections 
proved in 561, both with respect to locally quasi- homogeneous free divisors. 

*The authors are partially supported by MTM2004-07203-C02-01 and FEDER. 



The algorithmic treatment of the computations in this paper wiU be devel- 
oped elsewhere. 

Let us now comment on the content of this paper. 

In section ^ we remind the reader of the basic notions and notations and 
we review our previous results on logarithmic D-modules with respect to free 
divisors. We recall the logarithmic comparison theorem for arbitrary integrable 
logarithmic connections from [S], and we give the theorem describing the inter- 
section D-module associated with an integrable logarithmic connection along a 
locally quasi-homogeneous free divisor. 

In section|21 given a locally quasi-homogeneous free divisor D with a reduced 
local equation / = and a cyclic integrable logarithmic connection £ with re- 
spect to D, we explicitly describe a presentation of D[s] • (£/*) over T)[s] in terms 
of a presentation of £ over the ring of logarithmic differential operators. This 
description will be useful in order to compute the Bernstein-Sato polynomials 
associated with £. 

In section 13 the general results of the previous section arc explicitly written 
down in the case of a family of integrable logarithmic connections with respect 
to a quasi-homogeneous plane curves. 

In section 0] we perform some explicit computations with respect to a cusp. 

We wish to thank Helene Esnault who, because of a question about our 
paper j2], drew our attention to computing intersection D-modules. We also 
thank Tristan Torrelli for helpful information about the Bernstein-Sato func- 
tional equations and for some comments on a previous version of this paper. 

1 Logarithmic connections with respect to a free 
divisor: theoretical set-up 

Let X be a n-dimensional complex analytic manifold and D C X a, hypersurface, 
and let us denote hyj:U = X — D^^X the corresponding open inclusion. 

We say that D is a free divisor 28 if the Ox-module Der(log D) of logarith- 
mic vector fields with respect to D is locally free (of rank n), or equivalently if 
the Ojsf -module ri^(logD) of logarithmic 1-forms with respect to D is locally 
free (of rank n) . 

Normal crossing divisors, plane curves, free hyperplane arrangements (e.g. 
the union of reflecting hyperplanes of a complex reflection group), discriminant 
of stable mappings or bifurcation sets are examples of free divisors. 

We say that D is quasi-homogeneous at p G D if there is a system of local 
coordinates x centered at p such that the germ {D,p) has a reduced weighted 
homogeneous defining equation (with strictly positive weights) with respect to 
X. We say that D is locally quasi- homogeneous if it is so at each point p d D. 

Let us denote by "Dxi^ogD) the 0-term of the Malgrange-Kashiwara filtra- 
tion with respect to D on the sheaf "Dx of linear differential operators on X . 
When 13 is a free divisor, the first author has proved in 1 that ©x (log 13) is 
the universal enveloping algebra of the Lie algebroid Der(logI?), and then it is 
coherent and has noetherian stalks of finite global homological dimension. Lo- 
cally, if {6i, . . . , 5n] is a local basis of the logarithmic vector fields on an open 
set V, any differential operator in r(y, X'x(log-D)) can be written in a unique 



way as a finite sum 

aeN" 
\a\<d 

where the Oq, are holomorphic functions on V . 

From now on, let us assume that I? is a free divisor. 

We say that D is a Koszul free divisor [2j at a point p G D if the symbols 
of any (some) local basis {Ji, . . . , (5„} of Der(log_D)p form a regular sequence 
in GrDx.p- We say that D \s a, Koszul free divisor if it is so at any point 
p E D. Actually, as M. Schulze pointed out, Koszul freeness is equivalent to 
holonomicity in the sense of |28| . 

Plane curves and locally quasi-homogeneous free divisors (e.g. free hyper- 
plane arrangements or discriminant of stable mappings in Mather's "nice di- 
mensions" ) are example of Koszul free divisors |3] . 

A logarithmic connection with respect to D is a locally free Ox-module £ 
endowed with: 

-) a C-linear morphism (connection) V' : £ — > £ Oo^ ^xi^'^S^)^ satisfying 
V'(ae) = aV'(e) -I- e (X) da, for any section a of Ox and any section e of £, 
or equivalently, with 

-) a left Ox-linear morphism V : Der(logD) — > Endcx(£) satisfying the Leibniz 
rule V(5)(ae) = aV((5)(e) +d{a)e, for any logarithmic vector field 6, any section 
a of Ox and any section e of £. 

The integrability of V is equivalent to the fact that V preserve Lie brackets. 
Then, we know from that giving an integrable logarithmic connection on a 
locally free Ox-module £ is equivalent to extending its original Ox-module 
structure to a left I)x(logI?)-module structure, and so integrable logarithmic 
connections are the same as left I)x(logL')-modules which are locally free of 
finite rank over Ox- 

Let us denote by Ox(*^) the sheaf of meromorphic functions with poles 
along D. It is a holonomic left 2)x-module. 

The first examples of integrable logarithmic connections (ILC for short) are 
the invcrtible Ox-modules Ox{mD) C Ox{*D), m e Z, formed by the mero- 
morphic functions h such that div(/i) + mD > 0. 

If / = is a reduced local equation oi D a.t p E D and Si, . . . ,Sn is a local 
basis of Der(logD)p with Si{f) = Uif, then /~™ is a local basis of Ox,p{'mD) 
over Ox,p and we have the following local presentation over T>x,p{^ogD) (|5], 
th. 2.1.4) 

OxA^D) ~ Dx,p(logi?)/Dx,p(logI?)((5i + mai, . . . , (5„ + man). (1) 

(1.1) For any ILC £ and any integer m, the locally free Ox-modules £{mD) := 
£®0x Ox{fnD) and £* :— Homo^ (£, Ox) are endowed with a natural structure 
of left X)x(log-D)-module, where the action of logarithmic vector fields is given 

by 

{Sh){e) = -h{Se)+6{h{e)), S {e (g) a) ^ (Se) (g) a + e(E) d{a) (2) 

for any logarithmic vector field S, any local section h of Homo^(£,0x)7 any 
local section e of £ and any local section a of Ox('Ti-D) (cf. .S;, §2). Then 
S-{mD) and £* are ILC again, and the usual isomorphisms 

£.{mD){m'D) ~ £((to + m')D), £,{mD)* ~ 8.*{-mD) 



are I'x(log£')-linear. 

L 

(1.2) If D is Koszul free and £ is an ILC, then the complex T)x ®iix(iogD) £ 
is concentrated in degree and its 0-cohomology T)x ®i)x (log d) £ is a holonomic 
Dx-module (see |S], prop. 1.2.3). 

If £ is an ILC, then £(*£)) is a meromorphic connection (locally free of 
finite rank over Oj^ (*£))) and then it is a holonomic 2) jsf -module (cf. [21], th. 
4.1.3). Actually, £(*D) has regular singularities on the smooth part of D (it has 
logarithmic poles! ITUl) and then it is regular everywhere 19 , cor. 4.3-14, which 
means that if L is the local system of horizontal sections of £ ox\U — X — D, 
the canonical morphism 

is an isomorphism in the derived category. 

For any ILC £, or even for any left Dx(log D)-module (without any finiteness 
property over Ox ) , one can define its logarithmic de Rham complex il^f (log D)(E,) 
in the classical way (cf. [101 def. 1.2.15]), which is a subcomplex of il3f(£(*^))- 
It is clear that both complexes coincide on U. 

For any ILC £ and any integer m, E{mD) is a sub-Dx (log D)-modulc of the 
regular holonomic Dx-module £(•£)), and then we have a canonical morphism 
in the derived category of left Dx-modules 

L 
P£,7n ■■ 'Ox ®Dx(logD) £-(mD) -^ £(*-D), 

given by p£.,n{P ® e') = Pe' . 

Since t(m' D){mD) = £((m + m')D) and t{m' D){^D) = £(•£>), we can 
identify morphisms PE(rn'D),m and pE.m+m'- 

For any bounded complex % of sheaves of C- vector spaces on X, let us denote 
by T^ = i?Homc^(3C,Cx) its Verdier dual. 

The dual local system L^ appears as the local system of the horizontal 
sections of the dual ILC £*. 

We have the following theorem (see fSl th. 4.1] and 6, th. (2.1.1)]): 

(1.3) Theorem. Let £ he an ILC (with respect to the divisor D) and let L 
he the local system of its horizontal sections on U = X — D. The following 
properties are equivalent: 

1) The canonical morphism r2^(log_D)(£) — > Rj<tli is an isomorphism in the 
derived category of complexes of sheaves of complex vector spaces. 

2) The inclusion ri^(log £))(£) ^^ r2^(£(*_D)) is a quasi-isomorphism. 

L 

3) The morphism pgi : "Dx ®Dx(iog-D) £(^) ^ £(*-D) is an isomorphism in 
the derived category of left "Dx-niodules. 

L 

4) The complex ©x 'S^T'xiiogD) ^(D) ** concentrated in degree and the "Dx- 
module "D x 'Si'd x (log D) ^(D) ^•s holonomic and isomorphic to its localization 
along D. 

Moreover, if D is a Koszul free divisor, the preceding properties are also equiv- 
alent to: 



5) The canonical morphism j\Ji'^ —> Q^{log D)(E,* {—D)) is an isomorphism 
in the derived category of complexes of sheaves of complex vector spaces. 

For D a locally quasi- homogeneous free divisor and £ = Ox, the equivalent 



properties in theorem (1.3) hold: this is the so called "logarithmic comparison 
theorem" j2j (see also ^ th. 4.4] and W. cor. (2.1.3)] for other proofs based on 
D-module theory). 

(1.4) Let £ be an ILC (with respect to D) and p a point in D. Let / G 
= Ox,p be a reduced local equation of D and let us write B — T>x.p, Vo = 
'Dx{^ogD)p and E = £p. We know from 6, lemma (3.2.1)] that the ideal of 
polynomials 6(s) G C[s] such that 

bis)Ef^ C 'D[s] ■ {Ef^+') (c E[f-\s]f^) 

is generated by a non constant polynomial 6e^p(s). By the coherence of the 
involved objects we deduce that b£,^q{s) \ b£^p{s) for g G D close to p. 

If be.^p{s) has some integer root, let us call k{E,p) the minimum of those 
roots. If not, let us write k{E,p) — +oo. 

Let us call 

k(£) == inf{K(£,p) \peD} eZU {±cx)}. 

From now on let us suppose that D is a locally quasi-homogeneous free 
divisor. 

(1.5) Theorem. Under the above hypothesis, if k{E) > — cxd, then the mor- 
phism 

P£,fe:2)x®D^(iogD)£(A:i?)->£(*i5) (3) 

is an isomorphism in the derived category of left T)x-m,odules, for all k > — k(£). 

Proof. It is a straightforward consequence of |3], 01 th. 5.6] and theorem 
(3.2.6) of and its proof. Q.E.D. 



Let us note that the hypothesis k(£) > — oo in theorem (1.5) holds locally 
onX. 



In the situation of theorem 



(1.5)1 if £/ is the local system of the horizontal 



sections oi S, on U = X — D, then the derived direct image Rj^Z is canonically 
isomorphic (in the derived category) to the de Rham complex of the holonomic 
2) jf -module "Dx ®iix(iogD) £-{kD): 

DR {Vx ®Dx(logD) £(fc^)) - DR (Vx ®Dx(logZ5) ^kD) 

I)R£.(i.D) ~ n'x{£{i.D)) ~ Rj^L. 

Proceeding as above for the dual ILC £*, we find that if k(£*) > — cx), then 
we have that the canonical morphism 

DR(D;f ®i3x(iogD) rik'D)) -> Rj^^L"" 
is an isomorphism in the derived category for k' > — k(£*). 



Let us denote by 

QE,k,k' : T)x «>D^(iogD) £((1 - k')D) -. Vx ®Dx(iogD) £-ikD), (4) 

the Dx-linear morphism induced by the inclusion £((l — fc')_D) C E,{kD), 1 — k' < 
k, and by ICx('Cj) the intersection complex of Deligne-Goresky-MacPherson 
associated with L, which is described as the intermediate direct image juL, 
i.e. the image oi j\L -^ Rj^,L in the category of perverse sheaves (cf. ^, def. 
1.4.22). 

The following theorem describes the "intersection ©x-module" correspond- 
ing to ICx('C^) by the Riemann-Hilbert correspondence of Mebkhout-Kashiwara 

[nmaini- 

(1.6) Theorem. Under the above hypothesis, we have a canonical isomorphism 
in the category of perverse sheaves on X, 

lCx{ii)^'DR{lmgE,k,k'), 

for k > -k(£), k' > -k(£*) and 1-k' <k. 

Proof. Using our duality results in -S', §3], the Local Duality Theorem for 



holonomic D^-modules (^], ch. I, th. (4.3.1); sec also 22 ) and theorem (1.5) 
we obtain 

DR{Vx ^^^iiosD) mi - k')D)) ^BRi-Dx (^v.iiosD) £*{k'DnD)) c^ 
DR(Di,^ (Dx -^D^OogD) £*(fc'I?))) ~ [DR(Dx ®D;,(iogD) £*ik'D))]'' ^ 

On the other hand, the canonical morphism j\Cj — > Rj^H corresponds, through 
the de Rham functor, to the Dx-linear morphism QE.k.k', and the theorem 
is a consequence of the Riemann-Hilbert correspondence which says that the 
de Rham functor establishes an equivalence of abelian categories between the 
category of regular holonomic 'Dx-modules and the category of perverse sheaves 
on X. Q.E.D. 

(1.7) Remark. For £ = Ox, one has £* — Ox and there are examples where 
morphisms pox,k in lO are never isomorphisms ([S], ex. 5.3). Nevertheless, for 
k = k' = I the image of the morphism 

QOxAA '■ "^X ®Dx(logn) Ox — > 'Dx ®T)x(iogD) Ox(-D) 

is always (canonically isomorphic to) Ox, which is the regular holonomic Dx- 
module corresponding by the Riemann-Hilbert correspondence to ICx(Cc/) — 
Cx, where Cjj is the local system of horizontal sections of Ox on U. To see 
this, let us work locally as in Q. Then, morphism qq^ 1 1 is given at point p 

by 

P e Dx,p/2)x.p('5i, . . . , Sn) ^ P7 e Vx,pfBxA^i +ai,...,Sn + a„) 
and the stalk at p of Im gox.iA i^ given by 1)x,p/ J where J is the left ideal 
J = {Pe2)xp I P/eDx,p(^i+ai,...,5„ + a„)}. 



By Saito's criterion 



we can suppose 
5i 



A 



Sn 



d 

dxi 



d 

dXn 



where ^ is a n x n matrix with entries in Ox,p and det A — f. Writing B — 
adj(yl)* we obtain 



B 



Si 

Sn 



= .f 



Then 



/ ^- 

/ dx-^ 






1 = 1 



a 

dxi 



_§_ 

dXn 



dxi 






cval. on / 



B 



ai 



a„ 



Of 

dxi 



df 

dx-n 



dx\ 



\ dx„ 



/ Si + ai 



B 



V s„ 



and 



-g— G J for i = 1, . . . ,n. Since J is is not the total ideal, we deduce by 
maximality that J is the ideal generated by the ^ and Vx.p/J — Ox,p- To 
conclude, one easily sees, from the fact that morphism pox.i.i factors through 

aeOx^l®aeVx ®Dx(iogD) OxP) 

[it is Dx-linear since, for any derivation S and any holomorphic function a, 5(1® 
a) = S(g)a = S(g)iff-^a) = {Sf)(g){f-^a) = l(g){Sf){f-^a) = 1 (Ja)] that the 
isomorphisms above at different p glue together and give a global isomorphism 

Im£'Ox,i,i - Ox- 

This example suggests studying the comparison between DK{linggj;,k'), 
k,k' ^ 0, and lCx{^) in theorem (1.6) independent of the fact that pE,k 
and pE'.k' are isomorphisms or not. 



Bernstein- Sato polynomials for cyclic integrable 
logarithmic connections 



In the situation of (1.4)| let us assume that i? is a cyclic Vo-module generated 
by an element e E E. The following result is proved in 6, prop. (3.2.3)]. 

(2.1) Proposition. Under the above conditions, the polynomial 6£^p(s) coin- 
cides with the Bernstein- Sato polynomial be{s) of e with respect to f, where e is 
considered to be an element of the holonomic T>-module E[f~^] (cf. 'J2l). 

(2.2) Let Qf^s C ©[s] be the set of operators in ann^jj^j /* of total order (in s 
and in the derivatives) < 1. The elements of Q f^s are of the form 5 — as with 
5 e Derc(O), a £ and S{f) = af. In particular 9/^s C Vo[s]. 

The 0-linear map 



5eDer(logi:>)p 



m, e e,„ 



is an isomorphism of Lic-Rinchart algebras over (C, 0) and extends to a unique 
ring isomorphism $ : Vo[s] — > Vo[s] with <i>(s) = s and <&(a) = a for all a E 0. 
Let us note that ^~^{S) = 5 -\ — j^s for each S G Der(log_D)p. 

It is clear that E[s]f^ is a sub-Vo[s]-module of E[s, /~^]/* and that for any 
P E Vo[s] and any e' G E[s], the following relation holds 

iPe')r = HP){e'n. (5) 

(2.3) Proposition. Under the above conditions, the following relation holds 

annvo[s] {ef) = Vo[s] ■ $ (annvo e) . 

Proof. The inclusion D comes from (O. For the other inclusion, let Q G 
anuy^js] (e/-*) and let us write ^^^(Q) = X]j=i Pi^^ ^i^h _Pi e Vq- We have 

= Q {en = {^~\Q)e) r = (e(^»^)* J /' 

and then _Pi G annvf, e. Therefore 

(rf \ d 

E ^'^' = E *(^^)^' ^ "^oW • $ (annvo e) . 

Q.E.D. 

(2.4) Proposition. Under the above conditions, if D is a locally quasi- 
homogeneous free divisor, then 

annuls] (e/") = ©[s] • annvo[s](e/"). 

Proof. From (0) we know that E[s]f'' = Vo[s] • (ef), and from ^, cor. (3.1.2)] 
we know that the morphism 

PE,s -P^ie'/n e n-^] ®VoW E[s]r ^ P{e'fn e D[,s] • {E[s]f') = V[s] ■ (e/«) 

is an isomorphism of left ©[sj-modules. Therefore 

annD[^](e/'') = ©[s] • annvow(e/''). 

Q.E.D. 

(2.5) Corollary. Under the above conditions, if D is a locally quasi-homo- 
geneous free divisor, then 

anni,[^](e/^) = ©[s] • $ (annvo e) . 



Proof. It follows from propositions (2.3) and (2.4) Q.E.D 



(2.6) Remark. Theorems (1.5) and (1.6) proposition (2.4) and corollary 
(2.5) remain true if we only assume that our divisor D is Koszul free and of 
commutative linear type, i.e. its jacobian ideal is of linear type (see §3]). 



(2.7) Remark. As we shall see in sections |3 and 0] theorem (1.6)| proposition 
(2.1) and corollary (2.5) provide an effective method of computing the intersec- 
tion Dx-module corresponding to ICx('Cj) in terms of the ILC £, at least if D is 
a locally quasi-homogeneous free divisor, or more generally, if D is Koszul free 



and of commutative linear type (see remark (2.6) I 



(2.8) Remark. In the particular case of £ = Ox and E = 0, corollary (2.5) 
says that 

annD[^](/'') = D[s] • {Si - ais, . . . , (5„ - a„s) , 

where 5i, . . . ,Sn is a local basis of Der(log -D)p and Si{f) = atf (see corollary 
5.8, (b) in gj). 

(2.9) Example. Let us suppose that D c X is a non-necessarily free divisor 
and let / = be a reduced local equation of D at a point p G D. Let {Si, ... ,5^} 
a system of generators of Der(log -D)p and let us write Si{f) = aif. 



Let us call annJnL (/"*) the ideal of D[s] generated by 6/^s (see (2.2) i 



^DW^ 






ann;,,; ,(/'* 



D[s] • {Si -ais,. ..,Sm- arns) C annD[s](/''). 
The Bernstein functional equation for / 

b{.s)r = p{.s)r+' 

means that the operator b{s) — P{s)f belongs to the annihilator of /* over D[s]. 
Then, an explicit knowledge of the ideal ann2)[5](/'') allows us to find b{s) by 
computing the ideal 

C[s]n(D[s]./ + anni,w(r)), 

(see US])- However, the ideal annD[s](/*) is in general difficult to compute. 

When D is a locally quasi-homogeneous free divisor, or more generally, a 
divisor of differential hnear type ([HI, def. (1.4.5) ), annuls] (/*) = annU^, (Z'*) 
and the computation of 6(s) is in principle easier. 

But there are other examples where the Bernstein polynomial b{s) belongs 
to 

C[s]n(D[,s]./ + annWj(/^)) 

even if annuls] (Z**) ^ annU^, (J'*). For instance, when X = C'^ and / = 
xia;2(a;i -I- a;2)(a^i + X2X^) (see example 6.2 in A ) or in any of the examples 
in page 445 of jHj. In all this examples the divisor is free and satisfies the 
logarithmic comparison theorem. 



3 Integrable logarithmic connections along quasi- 
homogeneous plane curves 

Let D C X = C^ he a divisor defined by a reduced polynomial equation 
h{xi,X2), which is quasi- homogeneous with respect to the strictly positive in- 
teger weights uji,uj2 of the variables a;i,a;2. We denote by uj{f) the weight of a 
quasi-homogeneous polynomial f(xi,X2)- The divisor D is free, a global basis 
of Der(logD) is {61,62}, where 



61 
62 



LUlXl IJJ2X2 



-hr 



h.r. 



dxi 

d 

dx2 



We have: 

-) 6i{h) = uj{h)h, 62{h) = 0, 

-) the determinant of the coefficient matrix is equal to Lu{h)h, 

-) [61, 62] = 062, with c = Lo(h) — oji — UJ2- 

We consider a logarithmic connection £ = ©"^^Oxei given by actions: 



ei 



61 



-Ai 



/ei 



\ e„ 



/ 



J2 ■ 



ei 



/ 



^Ao 



\ e„ 



ei 



\ er. 



For £ to be integrable, the following integrability condition 

6i{A2)-62{Ai) + [A2,Ai] =cA2 
must hold. 



(6) 



(3.1) We shall focus on the case where A\,A2 are n xn matrices satisfying 
© and of the form: 



/ 



^1 



—a 














-S2{a) 




—a+c 







-5l{a) 




- Q Hc^) 


-a-f2c 


-5r'w 


— 


("-).,- 


-\a) 


- ("-') *?-'(«) 


-5r\ci) 


- 




-\a) 


-(»-') ^r-w 








( 


1 


■•■ 














1 ■•■ 




A2 


= 






; ■■• 














••• 1 








^ -foo 


-fel 


-62 • • • -fon-l 



-a-|-(n-2)c 







^_2) '^2(") -a+(n-l)c y 



with a, 6oj ■ • • I ^n-i polynomials. Let us call E,a,b the corresponding ILC. 

(3.2) Lemma. The T>x (log D) -module Ea.t is generated by ei (so it is cyclic) 
and the T) x {^og D) -annihilator of ei is the left ideal Ja^b generated by 61 + a and 



10 



^2 + bn~iS2 ^ + ■ ■ ■ + bid2 + bo. So, the Ti x{\og D) -module £.a,b is isomorphic 

to Vx {log D)/JaM- 

Proof. The first part is clear since 52 ■ ei = e^+i for i = 1, ... ,n — 1. For 
tlie second part, tlie inclusion Ja,b C annD^(iogD)(ei) is also clear. To prove 
the opposite inclusion, we use the fact that any germ of logarithmic differential 
operator P has a unique expression as a sum P = ^^ '^i,j5lS2, where the Oij 
are germs of holomorphic functions (|5|, th. 2.1.4) and a division argument. 
Q.E.D. 

(3.3) Remark. Theorem 2.1.4 in says that VxilogD) = Ox[Si,S2] with 
relations: 

[-51,/] = ^i(/), [^2,/] = S2{f), [61,62] = C62, f e Ox- 

In particular, we can define the support and the exponent of any germ of loga- 
rithmic differential operator P (or of any polynomial logarithmic differential op- 
erator in the Weyl algebra) by using the (unique) expression P ~ ^^ ■ ai^j6\62, 
and we obtain a division theorem and a notion of Grobner basis for ideals. Un- 
der this scope, the integrability condition 10 reads out as the fact that the 
generators 

51 == (5i + a, 32 = 6'^ + bn-i6J^'^ + ■ • • + 60 

of Ja,b satisfy Buchberger's criterion, i.e. that 6291 — (5i(?2 has a vanishing 
remainder with respect to the division by gi , 52 , and then they form a Grobner 
basis of Ja,b- 

(3.4) Corollary. The Tfx -module Tix '^'©^(logU) £a,fc *s isomorphic to 
T>x/Ia,b, where la.b = ©^(^i + a, 6^ + bn-i6J^'^ + • • • + &o)- 

For any integer k, we can consider the logarithmic connections Eafi{kD) and 



£* ft (see section (1.1) I. 



(3.5) Lemma. With the above notations, the ILC Ea.bikD) and £-a+uj{h)k,b o-f^ 
isomorphic. 

Proof. An Ox-basis of £a,b{kD) is {ef = e,; (g) /i"''}"=i and the action of 
Der(log-D) over this basis is given by (see (0)): 

(5i • ef = {61 ■ ei) (g) h''' + e, ® {-Lo{h)kh-^), 62 ■ e'^ = {62 ■ Ci) (g) h~''. 

Then, the isomorphism of Ox-modules 

n n 

^ b^Ci e £.a+u,{h)kM l-^ X! ^^^i ^ ^a.b{kD) 
1=1 j=l 

is clearly ©X (log -D)-linear. Q.E.D. 

The proof of the following proposition is clear. 

(3.6) Proposition. The morphism 

£'£„,6,fc,fc' : I'X ®T>x(iogD) £a.b((l " k')D) -^ "Dx ®Dx(log-D) £a,bikD), 
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defined in^, corresponds, through the isomorphisms in corollary (S.4) and 
lemma (3.5)\ to the morphism 



Q'E^,,k,k' ■■ P e 'Dx/Ia+u{h){l-k'),b ^ Phk+f^'-^ e ■Bx/Ia+u.ik)k 



For the dual connection £* j, in order to simplify, let us concentrate on case 
n = 2, where the integrability condition @ reduces to: 

(<5i-c)(6i)-2,52(a), {Si ~ 2c){bo) ^ 6i{a) + bi62{a). (7) 

(3.7) Lemma. With the above notations, the ILC £* j, and ^c-a,b* , with b = 
(6i,6o) and h* = (—61,60 — 62(bi)), are isomorphic. 

Proof. The action of Der(logZ3) over the dual basis {e*, Gj} in £* j, is given 
by: 

(^j ■ e*)(efe) = Si{e*{ek)) ~ e*{6iek) = -e*{S^ek), 

for i = 1, 2 and j. A: = 1, 2 (see ^). Then 

Choosing the new basis {wi — e2,W2 = —e\ +6162} of £* ;,, we obtain 
wi \ fa — cO\fwi 



^ \ W2 J \ S2{a) a J y W2 

^^f"0--f.f6? 6 6Mf"^ 

\ W2 J \ 02(61) - 60 61 y \^ W2 

and the isomorphism of Ox-modules 

2 2 

y^ biWi e £*^^ i-^ ^ biCi e £.c-a,b' 

i=l i=l 

is clearly Djc (log £')-linear. Q.E.D. 



4 Some explicit examples 

In this section we consider the case where D d X — ^C? \s defined by the reduced 
equation h = x\ — X2, and then uj{xi) — 3, ijj{x2) — 2, uj{h) — 6 and the basis 
of Der(logI?) is {5i,52}, with 

5i \ _ f 3x1 2x2 ^ /^ aj- 

d 

3X2 



62 J V 3^2 2X1 



-)6i{h)^6h, 62ih)^0, 

-) the determinant of the coefficient matrix is equal to 6/1, 

-) [(5l,<52]=<52(c-l). 
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(4.1) Since the ILC E,a.b and the ideals Ia,b in coroUary (3.4) are defined glob- 
ahy by differential operators with polynomial coefficients and D has a global 
polynomial equation, the study of morphism 

L 

PEa,b,k ■ '^X ®Dx(log-D) ^a.b{kD) -^ S-a^i^D) 

can be done globally at the level of the Weyl algebra W2 — C[a:i, a;2, g|-, gf-]- 
The integrability conditions in ^ (for n — 2) become in our case 

{Si-l){h) = 2S2(a), {Si-2){bo)^Sl{a) + biS2{a). (8) 

Once a is fixed, it allows us to determine, uniquely, 61 (the operator 5i — 1 is 
injective), and to also determine bo up to a term ex2, e G C (the kernel of the 
operator (5i — 2 is generated by X2)- In order to simplify, let us take 

a = X + mxi + nx2^ 

where /i ~ (A, m, n) are complex parameters, and then 

61 = 2mx2 + 2nxi 

and 

5o — ex2 + 3nx2 + ^mxiX2 + n x^ + 2mnxiX2 +771x2, 

with e another complex parameter. For convenience (see the rational factor- 
ization of B(s) below), let us consider another complex parameter v and make 



Let us define the family of ILC of rank two, S^^^ := £.a,b (see (3.1) I, with 
a,bo,bi as above. We have J'y^^ — T>x{^ogD) ■ ei and ann23^(iog£)) ei — 
Dx (log -D) ((71,32), with gi — Si + a and 32 = iJf + ^1^2 + &o (see lemma (3.2) 1. 
It is clear that 3^^.^ = 3^i-iy,ti- 



The conclusion of corollary (2.5) can be globalized and we obtain 



anni,^[,](ei/i'') = lix[s]($(5i), $(52)) = I'x[s](<5i +a~ 65,52) 

and 

annw2[s](ei/i'') = W2[s]((5i +0-65,52)- 

Let us consider the Weyl algebra with parameters 

W' = C X,m,n,v,xi,X2,-£^,-£^ [s] 
and the left ideal / generated by 

h, Si + a — 6s, 82 + biS2 + bo. 

By a Grobner basis computation with an elimination order, for example, with 
the help of ^3], we compute the generator B{s) of the ideal /nC[s] and operators 
Pis), C{s),D{s) e W such that 

B{s) = P{s)h + C{s){Si +a-6s)+ D{s){Sl + &1J2 + bo). 
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We find 



Bis) 



6/V 6/V 6/V 6 



For A, !^ e C, let us call B\^^{s) G C[s] the polynomial obtained from B{s) 
in the obvious way. We obtain then for each i/, A, tti, n G C the global Bernstein- 
Sato functional equation 

SA,.(s)ei/^^-P(s)(ei/^^+i) (9) 



in ?'i/,^[/i ^,s\h^ . Therefore, b3-^^^p{s) \ B\^y{s) (see prop. (2.1) I for any p e D^ 
and 

k(9^i/,^) > '''(A, v) :— minjinteger roots of B\^^{s)} G Z U {+oo}. 



We can apply theorem (1.5) to deduce that morphism 



pg^„,^,fc : I'x ®Dx(iogD) S'uAkD) -^ 3'^,^{-^D) 



is an isomorphism for all k > — t(A, i'). On the other hand, from lemma (3.7) 
we know that {3^^,\.m,n)* = 3^iy,i-\,-m,-n and then morphism 

is an isomorphism for all k' > — r(l — A, v). 

The above results can be rephrased in the following way: 

1) Morphism 

P3^„,^,fc : 1>x ®Dx(iogD) S'uAkD) -^ 7^,f,{*D) 

is an isomorphism if the four following conditions hold: 

A + 6^7^ -1,-7,-13,-19,... 
A + 6fc^2, -4,-10,-16,... 
A + 6fc-i/^0, -6,-12,-18,... 
\ + 6k + v^ 1,-5,-11,-17,... 

2) Morphism 

is an isomorphism if the four following conditions hold: 

1 - A + 6fcV -1, -7, -13, -19, . . . 

1- A + 6fc' 7^2,-4,-10,-16,... 

1 - A + 6fc' - i^ 7^ 0, -6, -12, -18, . . . 

1 - A + 6fc' + i^ 7^ 1, -5, -11, -17, . . . 

or equivalently, if the four following conditions hold: 

A -6fc' 7^ 2, 8,14,20,... 
A-6fc' 7^ -1,5,11,17,... 
\ + iy-6k' ^ 1,7,13,19,... 
A-i^-6fc' 7^ 1,-5,-11,-17,... 

In particular, if the four following conditions: 

-"^In fact it is possible to show that bgr^ .o{s) = B\,j(s). 
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(i) A ^ 2 (mod 6) or A = 2 
(ii) A ^ 5 (mod 6) or A = — 1 
(iii) \ + V ^1 (mod 6) or A + j^ = 1 
(iv) \ — V ^{) (mod 6) or A — I' = 
hold, both morphisms 

are isomorphisms. 

Let us denote by £1^,^ the local system over X — D oi the horizontal sections 
of Jjy^p . By theorem (1.6)| we have 



ICx(i:..p)^DR(Imgy„^,i,i), 

provided that conditions (i)-(iv) are satisfied. 

Proposition (3.6) and (4.f) reduce the computation of Img^^^ ^1^1 to the 
computation of the image of the map 



but Im^.y 



?..^ : L e W2/W2(gi,52) ^ Lh e W2/W2(.gi + 6,32), 
■ Wa/X^,^ where 



K^ 



L',fl 



{ReW2 I RheW2{gi + 6,g2)}. 



Now, in order to compute generators of -RTi/,^, we proceed as follows. Since 
[51,52] = 252 (for any r/,^) and the symbols a{gi) = <j{Si), a{g2) = <j{S2f form 
a regular sequence {D is Koszul free!), we deduce that 

a(W2(ffi + 6,52)) = (^('5i),a(<52)') 

and consequently a [K^f^] C ((t((5i), cr((52)^) : h. A straightforward (commuta- 
tive) computation shows that 

{aiS,),cTiS2f):h^{aiS^),cTiQo)) 

with Qo = 9x2!^ - 4|^, and 

'jiQo)h = X2C7{Si)^ - (7(52)^ - X2aiSi)a{gi + 6) - ^(52). (10) 

Searching to lift the relation pU|) to W2, we find 

Qh — X2{5i + mxi + nx2 + 7 - A)(5i + 6) — 52 + (A^ - A + i^ — '^'^)x2, 

with Q — Qo + 6m,a:2gj ^"'ai — ^ m?X2 — n^ ■ In particular, if condition 

A^-A + i/- 1/2=0 {■^X-v = Qov\ + u = l) (11) 
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holds, then Q E K^^^. 

Actually, by using the equality [Q,5i] = 4Q and the fact that (j{Q) — cr(Qo) 
and cr{gi) = cr{Si) also form a regular sequence in Gr W2, condition Hll|l implies 
that 

K,^^ = W2igi,Q), <j[k,,^^ =(a(,5i),a(Qo)). 

On the other hand, since cr{Qo) is not contained in the ideal (a::i,a;2), we finally 
deduce the following result: 

If parameters v,^ — (X,m,n) satisfy conditons (i)-(iv) and (|ll|l . then the 
conormal of the origin Tq{X) does not appear as an irreducible component of 
the characteristic variety of Im0,y^p = ^2/ K^^f^, and consequently 

Ch(ICx(i:.,M)) - Ch (w2/i^.,^) - {a(Ji) = a(Qo) = 0} = T*x{X) U T*^{X). 

The existence of such an example has been suggested by |2I], example (3.4), 
but the question on the values of the parameters v, /z for which the local system 
l^v,ii is irreducible will be treated elsewhere. 

If condition (|ll|l does not hold, it is not clear that there exists a general 
expression for a system of generators of K^,^ as before. 

(4.2) Remark. The relationship between the preceding results and examples 
and the hypergeometric local systems (cf. _23.,.2^.29_) is interesting and possibly 
deserves further work. 
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